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CURVES OF EVEN GENUS 



DAN EDIDIN AND DAMIANO FULGHESU 



Abstract. Let g be an even positive integer. In this paper we compute the integral Chow 
ring of the stack of smooth hyperelliptic curves of genus g. 

1. Introduction 

A natural question, inspired by David Mumford's classic paper Toward an enumerative geom- 
etry of the moduli space of curves [MumJ, is to compute the integral Chow rings of the stacks 
Ai g and M g of smooth and stable curves of a given genus g. In EG2] the integral Chow rings of 
the stacks of elliptic curves .Mi 1 and .M^i, were computed. In an appendix to the same paper 
Vistoli [Vis] computed the Chow ring of A^2- However, for g > 3 almost nothing is known. The 
only positive result is the computation of Pic(.M g ) and Pic(A4 g ) by Arabarello and Cornalba 
[AC] using Harer's computation of the second homology group of the mapping class group [Harj . 
Even rationally, the Chow rings of M. g have been computed only up to to g = 5 |Fabl|lFab2"llIza| . 

In this paper we focus our attention to hyperelliptic curves and obtain a result valid for all 
(even) genera. To be precise, let H g denote the stack of smooth hyperelliptic curves of even genus 
g defined over a field k. 

Theorem 1.1. Assume that charfc = or charfc > 2g. Then 

A* (H g ) = Z[ci,O2]/(2(20 + l)ci,g(g - l)c\ - Ag(g + l)c 2 ). 

Remark 1.2. When g = 2, every curve is hyperelliptic and our theorem recovers Vistoli's 
presentation for A*(M.2)- Theorem 11.11 also recovers Arsie and Vistoli's result |AV) that Pic(H g ) 
is cyclic of order 2(2g +1). 

Remark 1.3. Note that the generators cr,C2 of A*(TL g ) are not in general tautological classes. 
Gorchinskiy and Viviani |GVj observed that ¥\c(H g ) is not generated by A, the first Chern class 
of the Hodge bundle, when g = mod 4. In Section [5.11 we describe a natural vector bundle on 
TC g whose Chern classes generate the Chow ring. 

This theorem is quite surprising since it implies that integral Chow rings of stacks of hyper- 
elliptic curves of even genus have a remarkably simple structure. This is in marked contrast to 
the situation in topology, where results about the additive structure of the cohomology of the 
hyperelliptic mapping class group are quite complicated (cf. |BCP| ). 

Our techniques are purely algebraic and make essential use of results of Arsie and Vistoli AVJ . 
As observed in |AV[ Example 3.5] the stack H g may be identified as the stack of double covers 
of P 1 branched at 2g + 2 points. Theorem 4.1 of |AV] then implies that if g is even H g is the 
quotient (stack) by an action of GL2 on the open set in A 2ff+3 corresponding to homogeneous 
binary forms of degree 2g + 2 with distinct roots. Using a basic result in equivariant intersection 
theory we then identify A*(H g ) with the GL 2 -equivariant Chow ring of this open set. 
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From this description it immediately follows from the basic exact sequence in Chow groups 
that A*(Tt g ) is a quotient of Aq L A 2s+3 = Z[ci,C2]. Because inclusion of an open set does not 
induce a surjection on cohomology, the calculation in topology is much more difficult. Note that 
this situation is reversed for M g where there seems to be no algebraic way to get information 
about the Chow groups for general g. 

Following a strategy employed by Vistoli in his calculation of A*(M.2) the computation of the 
equivariant Chow ring can be reduced to the calculation of the GL2-equivariant Chow ring of 
p2g+2 x where Ai is the locus of forms divisible by a square. Rather than tackle this problem 
directly, as Vistoli did for g = 2,we reduce to the maximal torus T C GL2. The technical heart of 
this paper is the proof that, for any N, A^(¥(Sym N E*)\A 1 ) is the quotient of A^(F(Sym N E*)) 
by an ideal generated by two classes (Proposition 14. 2[) . where E is the defining representation of 
GL2. Because GL2 is special we can then recover the GL/2-equivariant Chow ring. 

2. Background on group actions and equivariant intersection theory 

2.1. Group actions and representations. Let k be a field and let G be an algebraic group 
over k. If V is a representation of G over k, then, when the context is clear, we refer to the scheme 
Spec(SymF*) as V. With this convention if a; € Spec(SymF*) is a A:-valued point corresponding 
to a vector v E V then for any g £ G(k), gx is the A:- valued point corresponding to the vector gv. 
If the action of G on V commutes with the diagonal action of G m on V then there is an induced 
action of G on P(V) :— Proj(Sym V*). As a consequence, if d is positive integer then the global 
sections H (V(V),O P(v) (d)) correspond to the G-module Sym d V*. 

2.2. Some general facts about equivariant Chow groups. Equivariant Chow groups are 
defined in the paper |EG2j . We briefly recall some basic facts and notation that we will use in 
our computation. 

Let G be a linear algebraic group defined over a field k. For any algebraic space X we 
denote the direct sum of the equivariant Chow groups by A„(X). If X is smooth then there is 
a product structure on equivariant Chow groups and we denote the equivariant Chow ring by 
Aq(X). Following standard notation, we denote the equivariant Chow ring of a point by A* G . 
Flat pullback X — ► Spec k makes the equivariant Chow groups A~(X) into an A^-module. When 
X is smooth the equivariant Chow ring Aq(X) becomes an A* G algebra. 

The relation between equivariant Chow rings and Chow rings of quotient stacks is given by 
the following result. 

Proposition 2.1. |EG2l Propositions 17, 19] Let G be an algebraic group and let X be a smooth 
G-space and let T = [X/G] be the quotient stack. Then the equivariant Chow ring A* G {X) is 
independent of the presentation for J 2 and may be identified with the integral Chow ring of T . 

2.3. Equivariant Chow rings for GL„ actions. Let T = GJ^ be a maximal torus. Because 
GL„ is special the restriction homomorphism A^ L — > A* T is injective and the image consists 
of the classes invariant under the action of the Weyl group W(T, GL n ) = S n . Hence, we may 
view Aq L as a subalgebra of A* T . More generally |EG2[ Proposition 3.6] or |Bri[ Theorem 6.7]) 
imply that if X is an algebraic space then the restriction map A^ hn {X) — > A^{X) is an injective 
homomorphism of ^QL ^-modules. Likewise, if X is smooth, the restriction map Aq^^X — * A* T X 
is an injective homomorphism of Aq L -algebras. In both cases the images consist of elements 



This means that every GL„-torsor is locally trivial in the Zariski topology 
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which are invariant under the natural action of the Weyl group. If A2 Ln (X) is a fiat Aq L 
module then [BrU Theorem 6.7] also implies that Af Ln (X) = (Aj(X)) s ". 
The following result which we will be very useful in the proof of Theorem 11.11 

Proposition 2.2. Let G be a special algebraic group and let T C G be a maximal torus. If X is 
a smooth G '-space then A* G {X) is (non-canonically) a summand in the A G (X) -module A^(X). 

Proof. Fix an integer i and let V be a representation of G which contains an open set U C V 
on which G acts freely such that V \ U has codimension > i. Then we can identify A G (X) — 
A Z (X x G U) and A l T {X) = A l (X x T U). The restriction map A G {X) -> A\,{X) corresponds 
to the flat pullback 7r: X Xt U — > X XqU. Let B D T be a Borel subgroup. Since B/T is 
isomorphic to affine space we may also identify A l T {X) with A l (X Xb U). Since G is special the 
G/B bundle p:XxbU^XxqU is locally trivial in the Zariski topology. Hence by |EG1( 
Lemma 7], A*(X x G U) is (non-canonically) a summand in A*(X Xb U). □ 

2.4. Chern classes and equivariant Chow rings of projective spaces. If V is a rep- 
resentation of G, then V defines a G-equivariant vector bundle over Specfc. Consequently a 
representation V of rank r has Chern classes Ci(V), . . . , c r (V) G A* G . If X is a smooth algebraic 
space then we will view the Chern classes as elements of the equivariant Chow ring A* G (X) via 
the pullback A* G -> A* G (X). 

Now let E be the defining representation of GL„. The total character of the T-module E 
decomposes into a sum of linearly independent characters Ai + A2 + • • • A n and we get A^ — 
Z[ti, ... i n ] where U = ci(Ai). The Weyl group S n acts on A^ by permuting the V s an d as result 
4gw = Z I 

ci, . . . , c n ] where Cj — Ci(E) is the i-th elementary symmetric polynomial in t\, . . . ,t n 

If V is a representation of rank r of GL„ then then the total character of the T-module V 
decomposes as sum of characters p,\ + . . . fi r . Let U — ci(fii). We refer to the classes h, . . . l r 
as the Chern roots of V and view them as elements in A^X. Any symmetric polynomial in the 
Chern roots is an element of Aq^ X. 

Let V be an (r + l)-dimensional representation of GL„. Since the action of GL„ commutes 
with the diagonal action of G m on V there is an induced action of GL„ on P(V") a canonical 
GL ra -linearization of the sheaf Opry\(l). 

The following easy lemma is proved for torus actions in [EG21 Section 3.3] and follows in 
general from the projective bundle theorem Ful, Example 8.3.4]. 

Lemma 2.3. The GL„ (resp. T) equivariant Chow ring o/P(V) has the following presentation. 

AC&MV)) = ^GL„[£]/(r +1 + CxC + ■ ..Cr+l) 

and 

AUnV)) = A^}/(f[($ + l i ) ) j 

where £ — ci(Op(v)(l)), Ci,...C r £ ^gl„ ( r ^ s V- h,---,lr) o,re the equivariant Chern classes 
(resp. Chern roots) of the representation V. 



2 In |EG2) it was incorrectly claimed that if G is special and T is a maximal torus then for all G-spaces X, 
Aq(X) = (A? r (X)) w where W = W(G,T) is the Weyl group. The second author is grateful to Reyer Sjamaar 
for pointing out this error. 
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2.5. T-equivariant fundamental classes of invariant hypersurfaces. Let T be a torus and 
let V be a finite dimensional T-module and let Opry\(l) have the canonical linearization induced 
by the action of T on V. 

Lemma 2.4. Let H C P(V) be a T -invariant hypersurface defined by a homogeneous form 
f E Sym d (V*) such that z-f = x~ 1 (z)f for some character x- T — > G m . Then in AJ(P(V)), 

[H} T = cl{O v{v) {d))+c l {x) 

Proof. On the invariant afhne ^ 0, the ideal sheaf of H is generated by the T-eigenfunction 
f/xj. Hence 0(—H) = 0{—d) <8> X -1 where O(-d) is given its canonical T-linearization. □ 

Let V be a two-dimensional representation of T and choose coordinates so that T acts by 
z ■ (o 0) ai) = (xo(z)a , Xi(z)ai). Let P 1 = P(V) and let A C P 1 x P 1 be the diagonal. Then A is 
a T-invariant hypersurface for the diagonal action of T on P 1 x P 1 . 

Lemma 2.5. In ^(P 1 ) we have the identity 

[A P i xpl ] = [0 x P 1 ] + [P 1 x 0] +c 1 (xiXo 1 ) 

Proof. Let xq,Xi (resp. yo,yi) be coordinate functions on the first (resp. second) copy of P . 
Then Api x pi is defined by the homogeneous quadratic form xoyi ~ xiyo while [0 x P 1 ] + [P 1 x 0] is 
defined by the homogeneous quadratic form xoyo- Now xoyi — xiyo is in the X(7 1 xr 1 " e iS ens P ace 
of V* ® V* and Xoyo while is in the Xo eigenspace. The formula now follows from the same 
argument used in Lemma 12.41 □ 

3. ARSIE AND VlSTOLl'S PRESENTATION H g AS QUOTIENT STACK 

To reduce the computation of the A*(7i g ) to a calculation in equivariant intersection theory 
we recall the presentation for TL g for g even given by Arsie and Vistoli in |AVj . 

Let k be a field of characteristic not equal 2 and assume that g is an even integer. Let E be 
the defining representation of GL2 and let T>: GL2 — > G m be the determinant. 

Theorem 3.1. |AV| Corollary 4.7] If g is even the stack TL g is isomorphic to the quotient 

[(Sym 2s+2 E* ® V® 9 \ A x ) / GL 2 ] 

where Ai is the closed subvariety of singular forms. 

By Proposition 1 2 . 1 1 the Chow ring of Ti g may identified with the equivariant Chow ring 

A* Gh2 (Sym 2 ° +2 E* A,). 

and the remainder of the paper is devoted to performing this computation. 

Let P 29+2 = P(Sym 29+2 i;*) be the projective space of forms of degree 2g + 2 and again let 
Ai be the hypersurface corresponding to singular forms. Following the argument of Vistoli [Vis] 
we may reduce to a calculation in P 2 s+ 2 . 

Lemma 3.2. Let £ denote the first Chern class of Op2 9 +2 (1). Then the pull-back 

^gl 2 (P 29+2 \A!) ^ A* Gh2 (Sym 2 9+ 2 E ® V^\ Al ) 
is surjective and its kernel is generated by gc\ — £. 

Proof. In general if II : X — ■> Y is a G-equivariant G m -bundle we consider the associated line 
bundle C. Then X is the complement of the 0-section and the localization exact sequence for 
equivariant Chow groups implies that 

A* G (Y)/ Cl (C)^A* G (X) 
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where the isomorphism is induced by IT. In our case the associated line bundle is T>® 9 ® O(-l) 
so the kernel of II* is gc\ — t. □ 

From Lemma 13.21 we conclude that 

(1) A*H g = A^ u ^ 2 \A 1 )/( g c 1 -C) 
so we have reduced the problem to computing 

A GL2 (F 2 ^ 2 \A 1 )=A* GL2 (F 2 «+ 2 )/I 

where / is the ideal generated by the image of ^4* 2 (Ai). 

4. The equivariant Chow ring of the space of non-degenerate homogeneous 

forms in n variables 

Let E be the defining representation of GL2 and let ¥ N = P(Sym JV E*) be the projective space 
of homogeneous forms of degree N in two variables xq and x\. Since the action of GL2 commutes 
with homotheties, there is an induced action of GL2 on ¥ N with kernel the center of GL2. 

Let Ai c ¥ N be the locus of forms which are divisible by a square over some extension of 
the base field. This subvariety is GL2 invariant and the goal of this section is to compute the 
equivariant Chow ring A* GIj2 (¥ N - Ai) = A* GIj2 (¥ N )/I where I is the ideal in A* GIj2 (¥ N ) generated 
by the image of the equivariant Chow groups of Ai. We can then apply the results of this section 
when N = 2g + 2 to complete the computation of the integral Chow ring of TC g for g even. (Note, 
however, that in this section we do not require N to be even.) 

For every r = 1, . . . , [N/2] we may define A r C Sym^ E* as the closed subvariety of forms 
divisible by the square of a polynomial of degree r over some extension of the ground field k. 
The locus A r is the image of the map 

tt t : Sym r E* x Sym Ar ~ 2r E* — > Sym N E* 

(f,g) ~ fg 

Passing to the associated projective spaces we obtain GL2-equivariant maps 

(2) 7iv : P r x ¥ N ~ 2r -> ¥ N 
and A r will still indicate the images of n r 

Proposition 4.1. (cf. [Vis , Lemma 3.3]) If the characteristic of k > (N — 2) then the image of 
in ^4ql 2 0^ ) * s the sum of the images of the homomorphisms 

tt„: A° L2 (P r x P^- 2 '') ^ A* Gh2 (¥ N ) 

Proof. Let G be an algebraic group. Recall EG2 that if A" is a G-scheme then an equivariant 
envelope is a proper G-equivariant morphism / : X — > X such that for every G-invariant subva- 
riety W C X there is a G-invariant subvariety W C X mapping birationally to X. Lemma 3 of 
|EG2j together with [Full Lemma 18.3(6)] implies that proper pushforward /* : Af(X) — > Af (X) 
is surjective. 
Let 

N/2 

tt: JJP r x ¥ N - 2r -> Ai 
r=l 

be the GL2-equivariant map whose restriction to P r x p Ar ^ 2r is 7r r . By the above discussion it 
suffices to prove that tt is an equivariant envelope. The argument used in the proof [Visi Lemma 
3.2] shows that if char k > N — 2r, then for every field K D k, if p is K- valued point of A r \ A r+ i 
then there is a (unique) if-valued point q of ¥ r x p Ar ~ 2r mapping to p. 
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Let Z C Ai be a G-invaraint subvariety and suppose that the generic point p of Z lies in 
A r \ A r+ i. By Vistoli's Lemma we know that there is subvariety Z C P 1 * x p N ~ 2r mapping 
birationally to Z. To complete the proof we must show that we may take Z to be G-invariant. 
Now if g £ GL2 then the subvariety gZ also maps birationally to V. Since there is a unique point 
of P r x p N ~ 2r mapping to the generic point q, it follows that gZ and Z have the same generic 
point. Hence Z must contain a G-invariant open set U . Taking the closure of U in P r x p Ar ~ 2r 
gives our desired G-invariant subvariety mapping birationally to Z . □ 

For any r let £ r ,i (respectively &v-2r,2) be the pullback to P' r x p^-^ f cf L2 (0(l)) on the 
first (resp. second) factor. We have the following relation in j4.Q L2 (P r x P N ~ 2r ): 

Moreover, from Lemma 12.31 we have that £i, r is a zero of a monic polynomial of degree r + 1 with 
coefficients in A* GU . Therefore tt„ (P r x W N - 2r )) is generated as a A* GL ^ (P Ar )-module by 

7T„(1), 7T r *(£l, r ), . . . , 7r r »(£[ r ). 

For r = 1, . . . , [N/2] and i = 0, . . . , r set 

a r i : = 7r r *(£* i:L ). 
The above discussion allows us to conclude that 

A GL2 (P N \A 1 )=A GL2 (P N )/({a r ,}) 

4.1. The ideal generated by A^(Ai) in A^(P N ). The action of GL 2 on ¥ N restricts to an 
action of the maximal torus T C GL2 consisting of diagonal matrices. The goal of this section is 
to prove 

Proposition 4.2. The image of A^(Ai) in ^(P^) is the ideal (ai,0; a i,i)- 

(Here we use the notation a Tt i to indicate the restriction of the same named classes to A^(¥ N ).) 

The proof will require the introduction of alternate but, less symmetric classes which generate 
the same ideal. The group T acts on P 1 by z ■ (a: b) = {X 1 1 {z)a: X 2 1 {z)b). Choose coordinates 
(Xq : Xi : . . . : Xn) on ¥ N so that the coordinate function Xi is the coefficient of Xq x-^ in &. 
homogeneous form of degree N. Then T acts on P^ by the rule 

z-(X : Xf. ... : Xn-hX*) = (X^ N (z)X : X{~ N X^ 1 (z) : ... : A^ 1 \\- N {z)X N ^ : X^ N (z)X N ). 

Let Hi C P N be the hyperplane defined by the equation Xi = 0; in other words, Hi corresponds 
to forms / such that the coefficient of Xq~~ z x\ is 0. Let hi be the T-equivariant fundamental 
class of H . 

By Lemma HOI we have that 

hi = ci(0(l)) + Cl (X\- N AD 
[ ' = £ - {N - i)h - ita 

On P r we can consider the hyperplane class hi >r corresponding to degree r forms such that the 
coefficient of Xq X IS 0. Again by Lemma 12.41 we have that hi tT — £i, r — (r — i)t\ — it%. It 
follows that the image of A^(Ai) is generated by the pushforwards to ^(P^) of the classes 
n r *(ho,r ■ ■ ■ h m ,r) for 1 < r < [N/2], < m < r — las well as the classes a r ,o- 

Lemma 4.3. In A^(¥ N ) we have the relations 

ai l0 = 2(N-l)h + N(N-l)(t 1 -t 2 ) 
[ ' = 2{N — 1)£ — N(N — l)ci 
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(5) «, 



an = hoh\ + t\a\ o 

= £ 2 — ci£ — JV(JV — 2)c 2 



(Recall that ci = ti + £2 and C2 = t\t% are the elementary symmetric polynomials in the 
generators t\, t% for A^.) 

Remark 4.4. Note that the identities ai )0 = 2(JV - 1)£ - JV(JV - l)ci and ai,i = £ 2 - Ci£ - 
JV(JV - 2)c 2 also hold in Aq L2 (F n ) since the restriction map A^ Lo (¥ N ) -> ^(P^) is injective. 

Proof. The multiplication map p: (P 1 )^ — > P^ is GL2-equivariant and hence T-equi variant. It 
also commutes with the natural permutation action of Sn on (P 1 )^. and with this notation 
the subvariety Ai corresponding to homogeneous forms with multiple roots is the image of 
A plxpl x (P 1 )^- 2 . 

Consider the diagram 

(A plxpl )x(P 1 )^ 2 - (P 1 )" 

(6) I Pi i P 

A r ^ ¥ N 

Where p is the multiplication map and p\ is its restriction to A P i xP i x (P 1 )^ -2 . Since p\ has 
degree (JV — 2)!we see that 

(7) (JV - 2)!ai, = P*[Api x pi x (P 1 )^" 2 ] 



The torus T acts on P 1 by t(xo : x\) = (A 1 Xq : A 2 x\) so by Lemma [ 

(8) [Api xP i] = [0 x P 1 ] x [0 x P 1 ] + (h - t 2 )[Y l x P 1 ]. 
Substituting the right hand side of ([8]) into the right hand side of (0) we obtain 

(9) (JV - 2)!ai, = P* ([0 xP'x (P 1 )^ 1 ] + [P 1 x x (P 1 ) 7 ^ 1 ] + {h - t 2 )[(P 1 ) Ar ]) 

The first two terms on the right hand side of ([9]) pushforward to (JV — l)!/io since the map 
x (P 1 ) w_1 — > i? has degree (TV — 1)! while the direct image of the second term is N\(ti — t 2 )- 
Thus we obtain the relation 

(10) (JV - 2)!oti, = 2(JV - l)\h + N\(ti - t 2 ) 

Since ^.^(P^) is torsion free we can divide (fTUj) by (JV — 2)! to obtain the first identity in ^ and 
substituting ho = £ — iVii yields the second. 

As noted above we have Jio,i = 1,1 — t\ in ^^(P 1 ). Thus ai.i = 7Ti*/io,i + £i[Ai]. Now 
(JV - 2)!/i ,i = pu([0 x x P^" 2 ]). Thus, after pushing forward to P^ we obtain the identity 

(JV — 2)!ii*7Ti*/io,i = (JV-2)!p»[0 x x (P 1 )^ 2 ] 
= (N-2)\h h 1 

Since «i*[Ai] = ck^o the first identity in ([5]) follows. Substituting ho = £ — Nt± and h\ — 
f + (1 - JV)*i - *2 yields the second. □ 



As an immediate consequence of the identities in Lemma 14.31 we obtain. 
Lemma 4.5. (ai,0j cti,i) = (<xi,o,hohi) as ideals in A^(P N ). 

If m > let ftr^m be the image of the class h r< o . . . h r>m in A^,(V m ). 
Lemma 4.6. The class (3 r ,m is a multiple ofhohi. 
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Proof. Consider the diagram analogous to ([6]) 

(A plxpl ) r x(F 1 ) JV - 2 '' (P 1 )^ 

(11) IPr IP 

A r ^ P N 

Identifying A P i xP i with P 1 then h r $ ■ . . . ■ h r>m is the equivariant fundamental class of the 
image of the T-invariant subvariety 

(0 x 0) x ... (0 x 0) x (A P i xP i) r -( m+1 ) x (P 1 )^- 2 '". 

(Here the first (2m + 2) coordinates are 0) . Let 8 r m be the equivariant fundamental class of this 
T-invariant subvariety Thus, p r *0 rm = (N — 2r)!(r — m — l)\h r a • . . . • h r m . On the other hand we 
may expand r m by replacing A P i xP i with the formula of (jHJ) to obtain a sum of classes which 
are permutations of classes of the form 

(12) (t x - t 2 ) m+r+1 -'[0 x ... x x (P 1 )^] 

where first I coordinates are and 2m + 2<l<r + m+l. The action of T on (P 1 )^ commutes 
with natural permutation action of Sn and the map p is .S^r-equivariant the pushforward of 
the classes in (TT21 we obtain the identity 

(13) ( r -(m + l))!(iV-2r)!A-, wl = ]T cn(N - - t 2 ) m+r+1 - l h ■ . . . ■ h t 

l=2m+2 

where the a;'s are positive integers. Since I < m + r + 1 it follows that (r — (m + l))!(iV — 2r)! 
divides (N — 1)1 Thus, since A^,(P N ) is torsion free a r ^ m is an integral sum of terms of the form 
(ti — t2) m+r+l ~ l ho ■ . . . ■ hi which is clearly a multiple of h^h\. □ 

Lemma 4.7. a 2 ,Q is in the ideal (oti,Q,hahx). 

Proof. Since A2 is the image of the fundamental class of A P i xP i x A P i xP i x (p 1 )^ -4 we see that 

(14) 2\(N - 4)!a 2 , = P*[^^ x A p i xP i x (P 1 )^ 4 ] 
Expand the first diagonal term as 

[P 1 x 0] + [0 x P 1 ] + (ti - i 2 )[P 1 x P 1 ] 
and substitute this into the right-hand-side of equation ()14|1 to obtain 

(15) 2l(N - 4)!a 2 , = P*[0 x P 1 x A P i xP i x (P 1 )^ 4 ] 

+ p* [P 1 x x A P i xP i x (P 1 )^- 4 ] + (N - 2)!(ti - ta)ai, 

Since the action of T on (P 1 )^ commutes with the permutation action of Sn the first two terms 
in the right-hand side of (|15p are equal. Now expand the remaining A P i xP i as above so that the 
sum of the first two terms on the right hand side of (fT5|) now becomes 

(16) 2p*[¥ 1 x x P 1 x x (P 1 ) 7 ^ 4 ] + ^[P 1 x x x P 1 x (P 1 )^ 4 ] 

+ (*i - M/°*[ pl x x P 1 x P 1 x (P 1 )^- 4 ] 

Using the fact p* commutes with the permutation action of Sn we can combine the terms coming 
from (fT6|) with the last term on the right side of equation (fT5|) to obtain 

(17) 2\(N - 4)!a 2:0 = 4(N - 2)\h h x + 2(N - l)\(h - t 2 )h + (N - 2)!(*i - t 2 )a h0 



^ This follows because a\(N — b)\ always divides (N — b + a)\ since ~T7]^~^T * s a binomial coefficient, so 
a\(N - b)\ divides (N - k)\ if k < b - a. 
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Dividing through by 2!(iV — 4)! and again invoking the fact that ^^(P^) is torsion free we obtain 
the equation 



(18) a 2 ,o = 2(N - l)(N - 2)(N - 3)h hi + (N - 1)(N - 2)(N - 3)(<i - t 2 )h 

(JV-2)(JV-3) 



(tx - t 2 )a 1>0 



2 

The first and third terms on the right-hand-side are clearly in the ideal (ai,o, h^hi). The middle 
term is in the ideal because by ([3]) and ([4]) 

(19) (N - 1)(JV - 2)h (h - t 2 ) = h ai, - 2(N - l)h Q hx 

□ 

Our last lemma completes the proof of the proposition. 
Lemma 4.8. If r > 3 then a r _o is in the ideal (0:1,0, h$hi). 
Proof. As above we have 

(20) r\(N ~ 2r)\a r , = p*[(A plxpl ) r x (P 1 )^] 

Expanding out the first r — 2 copies of the fundamental class of A P i xP i in the right-hand side of 
(l2"(Jj) we obtain that (A P i xP i) r x (P 1 )^- 2 ^ i s the sum of 

(h -t 2 ) r - 2 [(A plxpl f x (P 1 )^- 4 ] 

plus terms which are permutations of the r — 2 classes 

(tl -t 2 ) r - 2 - k [(0 X P J ) fe X (A P l xP l) 2 ] X (pl)W-2(fc+2) 

where 1 < k < r — 2. Since 

^[(A plxpl ) 2 x (P 1 )^ 4 ] =2(iV-4)!a 2 , 
there are positive integers b%, . . . b r _ 2 such that 

(21) r\{N - 2r)\a rfi = 2(N - 4)!(tx - t 2 ) r - 2 a 2 , 



+ 5> fc (ti-i2) r - 2 -V*[(0xP 1 ) fc x (A plxpl ) 2 x ( P i)^-2(fe+2)] 



fe=i 

Now expand [(A P i xP i) 2 ] in ^((P 1 ) 4 ) as 

(22) ([P 1 x 0] + [0 x P 1 ] + (h - t^P 1 x P 1 ) x ([P 1 x 0] + [0 x P 1 ] + (ti - t 2 )[F 1 x P 1 )]. 
When k > 2 we substitute (I22[) and use the permutation invariance of to obtain 

(23) p4(0 x P x ) fc x (A plxpl ) 2 x (pi)*-2(*+2)] = {N _ k)[{tl _ h) 2 ho , . , hk _ x 

+ 4(N - (k + 2))!(ii - t 2 )h . . . h k+1 + 4(N - (k + 4))!/i . . . h k+3 . 
When k — 1 we use the same expansion to obtain that 

(24) ^([OxP 1 x (A plxpl ) 2 x (P 1 )^- 6 ]) =4(iV-3)!/i /iift 2 

+ 4(iV - 2)\{h - t 2 )h h x + (N- l)!(t a - t 2 ) 2 h 

Since r > 3, the first term on the right-hand-side of (|2"Tj) is divisible r\(N — 2r) lo^o and thus is an 
element of r\(N — 2r)!(ai i o, ^0^1) by Lemma l4~7l Likewise, each of the three terms on the right- 
hand-side of (j2"3")) is divisible rl(N — 2r)lhohi as is the first term on the right-hand-side of (|24[) . 
Finally by Q2]) we know that (N -l)(N -2)(t 1 -t 2 )h Q e (ax fi ,h hi). Hence (N - l)!(*i - t 2 )h 
is in (N - 3)\(a lfi ,hohi). Since r > 3, rl(N - 2r)!|(JV - 3)!, so (N - l)!(ti - i 2 )/io is in 
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r\(N — 2r)\(ai t o,hohi). Hence all of the terms appearing on the right hand side of (|24|) are in 
r\(N — 2r)!(ai ! o, ^o^i)- Since A?p(F N ) is torsion free we conclude that a r fi G (cxi t o, h h\). □ 

4.2. The ideal generated by the image of A^ h2 (Ai) in A GL (P n ). We are now in a position 
to prove our main result 

Theorem 4.9. The image o/A° L2 (Ai) in A Gh2 (P N ) is the ideal I = (ai, , ai,i). 

Remark 4.10. When N = 6 this result was previously obtained by Vistoli [Vis] for his calcula- 
tion of A* Mi. 

Proof. Since GL2 is special, A G - L2 (¥ N ) is (non-canonically) a summand in the A Gh2 (P Ar )-module 
A^(F N ) by Proposition^ Thus we may decompose the A* GL2 (P JV )-module ^(P^) as ^(P^) = 
A Gh (¥ N ) © M where M C ^(P^) is a complimentary submodule. 

Now suppose that / G Aq L2 (P n ) is in the image of A^ h2 (Ai). Since the inclusion of A Gh2 (Ai) 
in A?p(Ai) commutes with the direct image map i* : Ai — > ¥ N , we may view / as being in the 
image of A^(Ai). Thus by our previous proposition we may write / = aai.o + for some 
a, b G AJ(P ). Using the decomposition above we may write a = a s + a u , b = b s + b u with a s , b s 
in A* Gh2 (P N ) and a u ,b u in M. Thus 

/ = a s ai fi + 6 s ai,i + a H Qi,o + &«ai,i- 

Since / G A* Gh2 (P N ) it follows that <z u ai, +6 M ai,i is an element of Mni^fP") = {0}. Hence 
/ = a s cti,o + i) s ai,i, so / is in the ideal of A GL (¥ N ) generated by ai,o and ai,i. □ 

5. Proof of Theorem 11.11 
We can now easily complete the proof of Theorem 11.11 By Theorem 14.91 

Ah^ 29+2 - A = ^ L2 (P 29+2 )/(ai,o,ai,i) 

where 

(25) a 1>0 = 2(2.g + 1)C- (2. 9 + 2)(2.g+l) Cl 

(26) ax,i = C 2 -eiCi-(2.9 + 2)(2.9)c 2 

If C\ , . . . , C2 g +3 are the GL^-equivariant Chern classes of the representation Sym 2s+2 E* set 

(27) P = e g+3 + Ci£ 29+1 + . . . C 2g+2 

so that A GIj2 (¥ 2 9+ 2 ) = %[cx,c 2 ][£\/P by Lemma O Let ai fi {gci), a lfl {gd), P{gcx) be the 
polynomials in c\, c 2 obtained by substituting £ = 9C1 in (|25p - (|27|) then by Lemma l3.2| 

A*(U g ) = Z[c 1 ,c 2 }/{a lfi (gc 1 ),a 1 , 1 (gc 1 ), Pigci)) 

where 

ai,a(gci) = -2(2.9 + l)ci 

ai.iCffCi) = -,9(g-l)c 2 + 4g(.9 + l)c 2 

The theorem then follows from our last lemma. 

Lemma 5.1. The polynomial P(gc\) is in the ideal (ai i o(ffCi), ai^\{gc\)). 
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Proof. Using the same arguments as in Section 14.21 it suffices to show that the restriction of 
P(gc\) to is in the ideal generated by the restrictions of 0:1,0(301) and ai^i(gci). 

The Chern roots of E are {-(2g + 2)ti, -{2g + l)ti - t 2 , ■ ■ ■ , -h - (2g + ljt 2 , -{2g + 2)t 2 } so 

2g+2 

(28) P(g Cl ) = J] (9C1 -(2g + 2- i)h - it 2 ) 

i=0 

Pairing off the 2g terms (gc\ — (2g + 2 — i)t\ — it 2 ) and (gci — it\ — (2g + 2 — i)t 2 ) and observing 
that if i = g + 1 then gc\ — (2g + 2 — i)t\ — it 2 = —c\ we can rewrite (|28l) as 

(29) P{gc x ) = -ci f[ (-(9 - J)(9 - J + 2)c? + 4(.g + 1 - 3 fc 2 ) 

3=0 

The product of the j — and j — 1 terms on the right hand side of (|29|) is 

Q(c 1)C2 ) = ((<?-l)(. 9 + l)c?- 4 5 2 c 2 )( ff ( 5 + 2) c ?-4( ff +l) 2 C2 ) 
= (ai j0 (gci)) 2 c 2 + ai i0 (3Ci)ai,i(3Ci)ci + (a M (.gci)) 2 

□ 

5.1. Tautological classes. The identification, for g even, of Tt g — [(A 2g+3, \ Ai)/ GL 2 ] means 
that the defining representation of GL 2 determines a vector bundle on H g whose Chern classes 
generate the Chow ring. Using an observation of Gorchinskiy and Viviani we can obtain a 
functorial geometric description of this bundle. 

If 7T : X — > S is a family of smooth hyperelliptic curves of genus g let W C X be the divisor 
of Weierstrass points of the fibers of ir and let oj be the relative canonical line bundle. Then 
Ox{W) has relative degree 2g + 2 and the line bundle ujf 9 ^ 2 ® Ox ((1 — g/2)W) restricts to a g\ 
on the fibers of it. Since 7r is flat, it follows that 

v; = ^(^/ 2 ®o x ((i-«?/2)iu) 

is rank 2 vector bundle on S. Let V s be the rank two bundle on the stack Ti. g which restricts to 
to Vn on a family of hyperelliptic curves X —> S. 

Proposition 5.2. Under the identification Ti g = [(A 2s+3 \ Ai)/GL 2 ] the vector bundle V g 
corresponds to the defining representation of GL 2 . In particular the Chow ring of Ti. g is generated 
by the Chern classes of V g . 

Remark 5.3. When g = 2, then V g is the Hodge bundle and we recover Vistoli's result [Vis] 
that A*(A4 2 ) is generated by the Chern classes of the Hodge bundle. 

Remark 5.4. As observed in |GVj the Chern classes of V g are not tautological classes. Gorchin- 
skiy and Viviani show that the first Hodge class A equals (g/2)c\. In principal the methods of 
their paper could be extended to give formulas for all of the tautological classes in terms of c% 
and c 2 , but we do not pursue this here. 

Proof. Following |AV] and [GVj we know that given a family of hyperelliptic curves ir : X — > S 
the map it factors as tt = p o f where p : P — > S is a Brauer-Severi variety and / : X — > P is a 
double cover. Then f*Ox = Op © £ where £ is a line-bundle such that £ 2 = Op(—D) where 
D C P is the ramification divisor. Since / is a double cover, the family of elliptic curves is 
uniquely determined by the data (p : P — > 5, £). 

The identity = Ox(W) and the Riemann-Hurwitz formula imply that 

/»(w® s/2 ® O x ((l - g/2)W) = Lop/s^' 2 ® £~ Y ® {Op © £) 
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Since the restriction of UpJ s has degree — g we see that 

7T*K 3 / 2 ® 0x ((l - g/2)W) = p,(co^ s 2 ® C' 1 ). 

As noted in |AV[ Remark 3.3] we may identify H g with the stack H' 12 , g +i whose objects over a 
A:-scheme S consists of the data of a Brauer-Severi variety p: P — > S together with a line bundle 
C of relative degree — (g + 1) and an injection i: C 2 Op. From the previous paragraph we 
see that we may identify V g with the bundle whose restriction to P —> S is the vector bundle 

Let Hi^.g+i be the stack whose objects over S consists of a pair (P — > S, C) together with 
an isomorphism (f>: (P, C) -> (P^, O r i(-g - 1)). The action of GL 2 := Aut(P\ 0(1)) on the pair 
(P 1 , 0{— g — 1)) has kernel /z s _i and by |AV1 Theorem 4.1] 7ii i2 , s +i is represented by the scheme 
A 2s+3 \ Ai and the forgetful map Hi,2, g +i — > ^1,2,9+1 is a GL 2 //z 9 _|_i-torsor. 

The vector bundle V 9 pulls back to the vector bundle which assigns to the trivial family 
V* ■ Ps -> 5* the vector bundle p,^ 972 <8> P i(p + 1)). As noted in [GV] Equation (4.4)] the 
Eulcr sequence for the tangent bundle of P 1 implies ujpi is GL2-cquivariantly isomorphic to the 
bundle 0{— 2) ® detP where P is the defining representation of GL 2 . Thus, 

P*(^p/ /2 ® O p i(3 + 1)) = (detP) 8 ^ 2 ® P. 

Now (detP)® 9 / 2 (g) P is the pullback of P via the map a: GL 2 -> GL 2 , A i-> (det A)f/ 2 A. As 
noted in [AVj kera = jtx g +i, so under the identification of GL 2 //x g +i = GL 2 , (detP)® 9 / 2 ® P 
corresponds to the defining representation P. □ 
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